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A Function of Freedom and Constraints
by Chris Hunter

Many teachers have been incorporating open questions into their 
math lessons. An open question is designed to elicit a variety of 
possible approaches or solutions. But what if an open question 
doesn’t elicit multiple approaches?

At the Northwest Mathematics Conference closing keynote, Nat 
Banting proposed a conjecture: “Shifting constraints triggers new 
mathematical possibilities.” Making an open question less open 
can lead—perhaps counterintuitively—to a more diverse and 
complex set of student responses. Nat’s closing keynote at “the 
Northwest” reminded me of an experience from last year in which 
this relationship between freedom and constraints played out in 
the classroom.

In June, a colleague invited me into his classroom to teach a 
mathematical modelling task—Desmos’ “Predicting Movie Ticket 
Prices”—in his Pre-calculus 12 class. Students had experienced 
exponential functions earlier in the course. We were curious about 
whether his students would apply what they knew about exponential 
functions to a task situated outside of an exponential functions 
unit—a task not having to do with textbook contexts of half-life, 
bacteria, or compound interest. They did. And they deepened 
their understanding of how change by a common ratio appears 
in exponential equations (vs. change by a common difference in 
linear equations). They did this within 45 minutes of a 75-minute 
class. So, my colleague let me try out another, less sexy, task—one 
adapted from Mathematical Assessment Resource Service (MARS). 
This task, like much of Pre-calculus 12, is about naked functions; 
no real-world context here. 

Figure 1

The original MARS task is closed: two functions, one linear and 
one quadratic, each passing through four points (Figure 1). I 
wanted to open it up so I changed the prompt: “A set of functions 
pass through the points shown. What could the equations for the 
functions be?” Also, I removed one of the points—(5, 3)—to allow 
for different solutions of two functions. Again, the thinking is that 
open questions encourage a variety of approaches. And then, from 
fifteen pairs of students, fifteen identical solutions (Figure 2).

Figure 2

I anticipated this uniformity. I had lowered the floor but no one 
entered  {y = 5, y = 7, y = 8, y = 9} to duck a linear-quadratic 
solution. I had raised the ceiling but no one wrestled with equations 
for sinusoidal or polynomial or radical or rational functions. This 
makes sense: the points scream linear and quadratic. To use Nat’s 
phrasing, they are sources of coherence. That is, how the points were 
arranged was familiar and recognizable to students, giving them a 
way to begin to make sense of and engage with the task. Students 
knew that a linear function contains points that “line up”; they 
knew that a parabola has symmetry at its vertex. 

The freedom within my open question didn’t bring about new and 
diverse ideas. To support creativity—mathematical creativity!—I 
had to introduce a  source of disruption, a  constraint:  “A set 
of nonlinear functions pass through the points shown. What could 
the equations for the functions be?” Not allowing linear relations 
jolted them out of thinking about lines; it sparked them to think 
about other possibilities, other functions from Pre-calculus 12. 
Students now generated a wider range of solutions.
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A student could have used the linear nature of absolute value 
functions to get around my nonlinear constraint (Figure 3) but 
no one did.

Figure 3

Instead, some students picked up on the symmetry of two new 
possible parabolas (Figure 4).

Figure 4

Writing the equation of the second parabola—finding the 
parameters a and q—presented more of a problem.

Others bent the line; they saw the middle of its three points as the 
vertex of a cubic function that had been vertically stretched and 
reflected (Figure 5).

Figure 5

Some saw four compass points one unit north, east, south, and west 
of an imagined centre and wrote an equation of a circle (Figure 
6). This led to a function-versus-not-a-function conversation—
”Does that count?”–that would not have taken place without the 
constraint. Others saw a sine function that passed through three of 
these four points. There were also solutions that did not quite pass 
through the given points. Notice that the sine function in Figure 6 
narrowly misses (1, 5) itself (but grazes the dot that represents it). 

Figure 6

I didn’t anticipate these “close enough” solutions. Students weren’t 
as constrained by “pass through” as I was, an interesting difference 
that would not have come up in the original task from MARS. 
Within each new solution, students remained motivated to capture 
the points using only two functions, as before.

With more time, I could have shifted constraints yet again: “A 
set of functions pass through the points shown. What could the 
equations for the functions be? (P.S. The graph of at least one of them 
has an asymptote.)” Again, this constraint could disrupt students’ 
thinking. Prior strategies would be made obsolete. This could 
have triggered exponential and logarithmic or rational functions: 
“What do I know about asymptotes?” Even without introducing 
this tweak to the problem, we noticed at least one student playing 
with rational functions at the end of class.

Nat reminds us that it is our job as teachers to observe and adapt 
to what’s happening with our learners in the present tense. I did 
not set out to write the one question with the perfect degree of 
openness the Goldilocks open question. Rather, this activity 
illustrates a process of tinkering with the question at hand in light 
of students’ responses.

Above, there’s evidence to support Nat’s conjecture. Despite its 
virtually limitless possibilities, my more open question didn’t cut 
it. To orient students to these possibilities, restrictions had to be 
placed. The student thinking—and conversations that I had hoped 
for—only emerged when freedom intersected with constraints. 


